ii niques which find application in many fields of mathematics.
For example, the contraction mapping theorem makes possible brief and elegant proofs of existence and uniqueness theorems in both of the fields differential equations and integral equations. The proof of the contraction mapping theorem itself, as given by Kolmogorov and Fomin, depends heavily upon the assumption that the space on which and into which the mapping is defined be both metric and complete. Roughly, the existence of a metric is needed to characterize the con traction mapping, and the completeness is necessary to obtain the fixed point of the mapping.
The primary purpose of this dissertation is to establish that the concept of a contraction mapping can be realized in certain non-metric spaces in a quite natural manner and, further, to establish a theorem which insures that these contraction mappings possess essentially the same fixed point property as those in a metric space. As a sort of adjunct to the above, it will be established that in the class of spaces to be considered here, a method of completion exists which is similar to the classical method of completing a 2 metric space. The class of spaces for which the results ob tained in this dissertation are true is a subclass of the class of all developable topological spaces. The members of this subclass are not, in general, metrizable.
The ensuing discussion divides itself quite naturally into three parts. Chapter II is devoted primarily to proving a fixed point theorem for the generalized contraction mapping.
Chapter III consists mainly of a detailed description of a method for completing a developable space. Chapter IV is a collection of examples of developable topological spaces which are not metrizable.
The notation and unstated definitions used in this dis sertation are those used in Kelley (3) • A few of the nota tions or conventions which are used frequently are either new or slightly different from the usual and therefore these will be listed below.
1. The set of positive integers is denoted by I + .
2. The set of non-negative integers is denoted by I.
3. Sequences will always be written in the form ^x^ and it will always be understood that the index i T + ranges over I .
Other definitions and notational conventions will be introduced as they become necessary.
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II. THE CONTRACTION MAPPING THEOREM
If f is a mapping of a metric space into itself it is easy to formulate conditions on f which make precise the concept of a mapping which tends to contract or to shrink the space. If the metric is denoted by d, then one may require, for example, that for each pair (x,y) of points of the space the inequality d(f(x),f(y)) < d(x,y) is true. A slightly more stringent condition is tc require the existence of a real number <x , 0<®<<1, such that for each pair (x,y) of points of the space the inequality d(f(x),f(y)) £<<d(x,y) is true.
The latter condition is used by Kolmogorov and Fomin in (4) to define what they call a contraction mapping. In case the topological space under consideration is not metrizable it is not immediately clear how the intuitively realizable con cept of a contraction mapping can be formulated if, indeed, it can be formulated at all. However, a little reflection will reveal that one can probably dispense with the condition that a metric function exist and require, instead, that the space have a topology which is sufficiently metric-like to insure that the concept of contraction can be characterized.
The class of topological spaces with metric-like topol ogies occupies a significant position in topology. This is hardly surprising since topology itself emerged from a process of abstracting and generalizing the properties of such familar metric spaces as the real line or higher dimen 4 sional Euclidean spaces. In particular, the concern in this dissertation will be with the so-called developable topolog ical spaces. The definition that will be given below was essentially given by Bing in ( The next lemma is a well known result and it together with its proof may be found in most of the texts on either the theory of functions of a real variable or on general topology. Hence only the statement of this result will be given here.
Lemma 2. Let (X,T) be a topological space and f:X->X a mapping which is continuous on X; then if [x^ is a sequence in X which converges to x, it is true that the sequence {f(x n )j converges to f(x).
These two lemmas will be used in the proof of the main theorem of this section. In order to complete the prelim inaries to this theorem, three more definitions will be needed. Finally, it will be seen shortly that the property of being G-complete is an essential property for the topological space under consideration. Hence it would be desirable to prove that at least some developable topological spaces can be homeomorphically embedded in a G-complete space. This problem is considered at length in Chapter III. Theorem 1. Let (X,T) be a developable topological space with a development G and assume that (X,T) is G-complete; then if f:X-}X is a (p,G)-contraction mapping it is true that f has a fixed point; that is, there exists an x* in X such that f(x*) = x*.
Proof: Since f is a (p,G)-contraction mapping there -f exist an s in I , an in I . and an x" in X such that both ' s s 7 o o< x Q and f(x 0 ) are in U^ . It will be shown that the sequence
, is a G-Cauchy sequence. The fol lowing statement is clearly true: For each m in I it is true that f (m) (x c ) and f( Xq ) are both in u s +^p P > and, further,
exists an x* in X such that {f^'^Çx )1 converges to x*.
In order to complete the proof it must be shown that f (x*) = x*. Using Lemmas 1 and 2 the following statements are clear :
The next theorem will establish that under certain more restrictive conditions the set of all fixed points for a (p,G)-contraction mapping is "widely dispersed" over X; that is, the fixed point guaranteed by Theorem 1 is locally unique. it is assumed that Q-, consists of one and only one element (which, then, must be X), then f has one and only one fixed point.
Proof : Direct application of Theorem 2.
It is now clear that Kolmogorov and Fomin 1 s fixed point theorem is susceptible of generalization to a class of spaces which, in general, are not metrizable provided that these spaces possess the completeness property. In the next chapter it will be established that a certain class of developable topological spaces can be completed.
III. THE COMPLETION OF A DEVELOPABLE SPACE
If one recalls from the preceding section the definitions of a G-Cauchy sequence and a G-chain, it is evident that these two concepts are quite closely related ; that is, in each G-chain there can be found a G-Cauchy sequence and with each G-Cauchy sequence there can be associated a containing G-chain. Thus it is seen that one may impose conditions on, say, the class of all G-chains and then see these conditions reflected in the behavior of the class of all G-Cauchy sequences. The device of imposing conditions on the most basic structures available rather than on the structures of most immediate interest is not an uncommon means to attain a desired result and it will, in fact, be employed shortly.
In the present case it seems that placing conditions on the open sets constituting the development is more desirable than stipulating conditions to be satisfied by the class of all G-Cauchy sequences.
In choosing conditions on the development for the space which, if satisfied, would insure that the space have a completion (the precise meaning of the phrase "have a comple tion" is given in Definition 8), the following considerations seem to offer some direction: (1) In a metric space each Cauchy sequence is bounded. (2) If one refers back to Example 1, pages 7 and 8, it is suggestive that of the two sets of radii used to construct the two developments, the set which made possible an unbounded Cauchy-like sequence was associ ated with a divergent infinite series while, on the other hand, the set which made this same sequence no longer Cauchylike was associated with a convergent infinite series.
(3) In a metric space, a condition equivalent to the more usual condition for completeness is that the intersection of every nested sequence of closed spheres whose radii shrink to zero consists of exactly one point. With these considera tions in mind one is led to the following definitions. the following convention will be adopted : If \x^ is a sequence, then this sequence will frequently be denoted by x when no confusion seems possible.
Before establishing that the binary relation defined in Definition 9 is an equivalence relation for the class of all G-Cauchy sequences, let it be agreed that in the remainder of this section the topological space (X,T) is tacitly under stood to be given and that it will always be developable with a convergent development G. Further, any structures, or notation designating these structures, will be used, once having been introduced, consistently without further explicit mention in the remainder of this section.
Lemma 8. The binary relation ^ defined in Definition 9 is an equivalence relation for the class S of all G-Cauchy sequences in X.
Proof : In order to establish that ^ is an equivalence relation for S it is sufficient to show that ^ has the fol lowing three properties : (l) For each x in S it is true that x~x. (2) For each pair (x,y) of elements of S such that x^y, it is true that y~x. (3) For each triplet (x,y,z) of elements of S such that x^y and y^z, it is true that x^z.
The properties (l) and (2) given above are immediate con sequences of Definitions 4 and 9 together with the fact that G is a convergent development. In order to verify the property (3) let 1x^1 , iy^I , and \z^ be in S and assume that The set W with a suitable topology will eventually be seen to be a completion of (X,T) in the sense of Definition 8.
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The next concern, then, will be to define a topology for W in such a manner that the resulting space has the desired structure.
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Definition 10. For each x in S the symbol C will be used to denote the set {l : L is a nested sequence of the form ^m(il^ and for each j in I + it is true that x is eventually The proof of this result is somewhat lengthy and, consequent ly, will be divided between a lemma and the main theorem.
One may again note that here, as in the foregoing, the sequence of results is quite analogous to that of the classical method of completing a metric space.
Lemma 11. The set K = ^x : x is in W, there exists a p in X such that x converges to p j is everywhere dense in (VJ,U).
Proof: In order to establish that K is everywhere dense in (Vf,l T ) it is sufficient to show that K = W; thus, if it can be shown that every member of W is either a member of K or a point of accumulation of K the proof will be complete.
Let it be assumed that there exists an r in W such that r is not in K and r is not a point of accumulation of K. It is It is not difficult to verify that the sequence (g^ is a development for (X,T).
The next example will be that of a non-metrizable Haus dorff space possessing a convergent development. Thus it is seen, albeit somewhat heuristically, that for all i in I + , <* should be approximately the ratio r^^/r^. If the sequence {r^ is geometric and decreasing this condition can be satisfied.
